The effect of Prandtl number on the evolution of Kelvin-Helmholtz (KH) billows and the amount of mixing they generate is studied through direct numerical simulation (DNS). The results indicate that the time evolution of the rate of mixing through different stages of the life-cycle of KH flow is significantly influenced by the Prandtl number. As the Prandtl number increases, the final amount of mixing increases for Reynolds that are too low to support active three-dimensional motions. This trend is the opposite in sufficiently high Reynolds number KH flows that can overcome viscous effects, and develop significant threedimensional instabilities. While the mixing generated in the two-dimensional flows, uniform in the span-wise direction, is not significantly dependent on the Prandtl number, the turbulent mixing induced by three-dimensional motions is a function of the Prandtl number.
Introduction
Turbulent breakdown of Kelvin-Helmholtz (KH) instabilities is an important source of mixing in the ocean and atmosphere. In these environments, the Prandtl number, the ratio of viscosity to molecular diffusivity of scalars, varies over a wide range from nearly 0.7 for heat in the atmosphere up to 700 for salt in the ocean. However, the effect of Prandtl number on mixing is still not well understood. This is mainly because high Prandtl number mixing occurs at very small scales and requires high-resolution numerical simulations or field and laboratory measurements. While our ability to model the effect of high Prandtl number on mixing at oceanic and atmospheric Reynolds numbers is still out of our reach, examining the Prandtl number effects at low and moderate Reynolds numbers may still provide useful information with respect to oceanic and atmospheric processes.
The amount of entrainment, and therefore mixing, in KH billows is controlled by large and small-scale vortical structures, as demonstrated in the experiments of Brown and Roshko (1974) ; Breidenthal (1981) ; Thorpe (1985) ; Bernal and Roshko (1986) ; Patterson et al. (2006) , and field measurements of Seim and Gregg (1994) ; Geyer et al. (2010) . In addition to the primary two-dimensional KH vortex, an important mechanism for entrainment is the growth of three-dimensional span-wise instabilities. These three-dimensional motions in KH billows are sustained above sufficiently high Reynolds numbers, creating a "mixing transition" (Konrad 1976; Breidenthal 1981; Koochesfahani and Dimotakis 1986; Dimotakis 2005; Rahmani 2011 ). Experiments by Konrad (1976) at Prandtl number of 0. 7 and Breidenthal (1981) and Koochesfahani and Dimotakis (1986) at Prandtl number of 600 exhibited the same range of transitional Reynolds numbers, but the experiments at the higher Prandtl number exhibited significantly less mixing.
Subsequent studies have shown that the relationship between mixing and Prandtl number is governed by the competition between enhanced interfacial area and slower rate of diffusion at higher Prandtl numbers (Cortesi et al. 1999; Staquet 2000) . However, interpretation of direct effects of Prandtl number on mixing is potentially complicated by other factors including: double-diffusion, vortex pairing, varying Richardson number, or the limited range of Prandtl numbers studied. The flow exhibits finer structures at high Prandtl numbers (Rahmani 2011; Balmforth et al. 2012; Rahmani et al. 2014) , which potentially influence the transition to turbulence. The effect of Prandtl number on enhancing three-dimensionality was indicted in the studies of Klaassen and Peltier (1985a) ; Cortesi et al. (1998 Cortesi et al. ( , 1999 Staquet (2000) ; Mashayek and Peltier (2012) . Direct numerical simulation (DNS) of KH flows by Cortesi et al. (1998 Cortesi et al. ( , 1999 show that by increasing the Prandtl number from 0.00535 to 2.2, three-dimensional motions and interfacial area are enhanced, and therefore higher entrainment and mixing rates are obtained. However, in DNS of Staquet (2000) , when Prandtl number increased from 0.7 to 1.4, the rate of mixing increased or decreased depending on the Richardson number. In double-diffusive scalars with Prandtl numbers of 7 and 50, using DNS, Smyth et al. (2005) showed that the rate of turbulent mixing is lower for the scalar with higher Prandtl number.
In the present work, our objective is to use DNS to examine the competing effects of increased interfacial area, but a reduced rate of molecular mixing as Prandtl number increases on both two and three-dimensional mixing throughout the lifetime of KH billows. We investigate a range of Prandtl numbers from 1-700 for Reynolds numbers below and within the mixing transition. We restrict our attention to individual billows, as they are the dominant flow feature in the laboratory experiments of KH billows generated by splitter plates (see figure 1), and a single Richardson number; the effects of vortex pairing of KH billows (e.g. see Moser and Rogers 1991; Winant and Browand 1974) and differential strengths of stratification (e.g. see Cortesi et al. 1999; Caulfield and Peltier 2000) are the subject of future work.
Numerical simulation
The Boussinesq Navier-Stokes equations are solved using the model described by Winters et al. (2004) and Smyth et al. (2005) . We choose an initial flow with horizontal velocity and density profiles defined by
with δ 0 being the initial value for the time-varying vorticity interface thickness of δ, h 0 the initial value for the time-varying density interface thickness of h, ∆U the horizontal velocity difference and ∆ρ the density difference. The dimensionless numbers for this flow are
the initial Reynolds number, bulk Richardson number, Prandtl number and scale ratio, where ν denotes the kinematic viscosity, κ the molecular diffusivity, ρ 0 the reference density and g the gravitational acceleration. The scale ratio is related to the Prandtl number by R = P r 1/2 . The general flow field in a cartesian coordinate system of (x, y, z) has a velocity field of (u, v, w) and density field of ρ, where
with (u ′ , v ′ , w ′ ) and ρ ′ being the perturbation velocity and density fields.
The choice of simulation parameters, shown in table 1, is as follows. Different Prandtl number simulations (P r = 1, 9, 16, 25, and 64) are performed in three dimensions at Re 0 = 100, 300, 400, and 600. Simulation of P r = 64 and Re 0 = 600 flow was not possible due to numerical resources limitations. Simulations at Re 0 = 300, 400, and 600 are also performed in two dimensions to distinguish between the role of three-dimensional motions versus twodimensional flow features in the generation of mixing. At Re 0 = 300, a two-dimensional simulation was also performed at P r = 700, representing the diffusion of salt water in the ocean. In all simulations, one wavelength of the fastest growing mode of the instability, L x , is considered. The height of the domain is L z = 9δ 0 , and the width of the domain in threedimensional simulations is L y = L x /2, large enough to accommodate at least one wavelength of span-wise instabilities. Periodic horizontal and free-slip vertical boundary conditions are applied. The basic velocity and density profiles given in equations 1 are perturbed using the eigenfunctions from the numerical solution of the linear stability equation. The amplitude of the two-dimensional perturbation had a negligible effect on mixing. Also, a random noise is added to the velocity field to initiate three-dimensional secondary instabilities. In all simulations the grid spacing is smaller than 2.6L B , where L B is the Batchelor length scale (Batchelor 1959 ), a length scale below which density gradients are suppressed by molecular diffusion.
Two and three-dimensional evolution of KH billows
The evolution of single KH billows in laboratory experiments of Lawrence are shown in figure 1. In these experiments, a faster flowing fresh water top layer flows on a slower flowing salt water. After the roll-up, and evolution in two dimensions, the billows become chaotic through the development of small-scale motions. This figure illustrates the sharp interfaces between the two layers at the high Prandtl number.
Following Caulfield and Peltier (2000), we divide the life-cycle of a KH instability into four phases. The end of each phase is marked by a transition time, t * 1 , t * 2 , t * 3 , or t * 4 , with t * = t∆U/δ 0 being the non-dimensional time. The three-dimensional density structure of a simulation with Re 0 = 400 and P r = 25 at these four transitions is shown in figure 2 . The first phase is the two-dimensional growth of the billow, ending at t * 1 , when a maximum billow height and therefore total potential energy, P , is reached. The second phase is the subsequent two-dimensional evolution of the billow, ending at t K 0 the initial kinetic energy of the flow. Up to t * 2 two and three-dimensional simulations have identical flow fields. The third phase is the growth of three-dimensional motions until reaching a maximum intensity, measured by K 3d reaching a maximum at t * 3 . The fourth phase is the decay of three-dimensional motions and destruction of the billow until a laminar flow is reached at t * 4 , the time when K 3d /K 0 drops below 10 −3 .
Snapshots of the stream-wise structure of billowing of three-dimensional KH instabilities for different Prandtl numbers at Re 0 = 300, at t * 2 are shown in figure 3 . As P r increases, the billows exhibit more structured small-scale features that are absent in the density structure of low P r billows due to the rapid diffusion. At P r = 1, the density structure of the billow has been mainly destroyed by diffusion at t * 2 . The highly structured density field of the P r = 700 billow resembles the density field of the billows observed in the experiments of Schowalter et al. (1994) with P r ∼ 1500 and Atsavapranee and Gharib (1997) with P r ∼ 600, where the billow consists of layers of rolling fluid with very sharp interfaces. At P r = 700, very fine structures have formed, with very little diffusion. These structures form layers of diffusing fluid that enhance the available interfacial area between the layers, and therefore mixing.
The structure of the two-dimensional flow in the pre-turbulent stage determines the nature of secondary three-dimensional instabilities and the transition to turbulence, as discussed by Peltier (1985b,a, 1991) ; Caulfield and Peltier (2000) ; Peltier and Caulfield (2003) . Therefore, the significantly different billow structures in the pre-turbulent stage for different P r indicates different transition mechanisms to turbulence. Specifically, high density gradients at high P r make the flow more susceptible to small-scale instabilities. This effect is seen in the span-wise structure of the billow at t * 3 , as shown in figure 4. At Re 0 = 300 and P r = 1, three-dimensional motions are mainly suppressed by viscosity and therefore the billow merely diffuses out without becoming turbulent. This case is below the mixing transition. However, as P r increases for Re 0 = 300, the three-dimensional motions become stronger and more structured. So as suggested by the two-dimensional simulations in figure 3 , the more structured density field of the pre-turbulent billows at higher P r enhances threedimensionality and interfacial area. This effect, attributed to higher baroclinically generated vorticity at sharper density gradients at higher P r, is strong enough to overcome viscous effects and sustain three-dimensional structures through the life-cycle of the billow, even at the low Reynolds number of Re 0 = 300. Therefore, the mixing transition occurs at lower critical Reynolds numbers at higher P r.
At Re 0 = 400, the Reynolds number is high enough for the flow to develop threedimensional instabilities even at P r = 1. The flow is within the transitional range according to Breidenthal (1981) and Koochesfahani and Dimotakis (1986) . By t * 3 , the counter-rotating streamwise vortices (Lin and Corcos 1984) have rolled up the fluid into a mushroom-like structure and increased the vertical extent of the billow at all P r. As P r increases, the density gradients become sharper and smaller scale structures develop in the flow. However, this does not enhance the vertical extent of the flow as much as it did at Re 0 = 300. This is because the less diffuse density structure at higher P r is more strongly stratified, and therefore more difficult to displace vertically. Hence, when three-dimensionality is strong, the increase in P r results in lower buoyancy fluxes and therefore less entrainment, although it locally enhances the intensity of three-dimensional motions.
Mixing properties
We quantify mixing, M, as the irreversible increase in background potential energy, P b , where P b is the minimum potential energy obtained when fluid particles are rearranged adiabatically to a stable state, ρ(z * ) (Winters et al. 1995) . In our notation P b is normalized by the initial kinetic energy of the flow, i.e.
, with V being the volume average. This quantification of mixing excludes diffusion of the initial background stratification at rate φ i . The rate of mixing is therefore φ M = dM/dt * .
The increase in the total potential energy, normalized by the initial kinetic energy of the flow, P , is a measure of stirring, T , i.e.
The amount of stirring shows how much energy has been extracted from the background shear to vertically (and reversibly) displace the heavier fluid. The difference between M and T is the potential energy available for mixing. The rate of increase of potential energy is measured by the dimensionless turbulent buoyancy flux, Φ
The turbulent buoyancy flux shows how much energy is exchanged reversibly between the background shear and the potential energy.
When studying mixing, it is also useful to examine the dimensionless rate of dissipation of turbulent kinetic energy,
shows the rate at which the energy extracted from the mean flow converts to mixing, ε ′ indicates the rate of dissipation of the extracted energy from the mean flow. The ratio of these two rates, φ M /ε ′ , is a commonly used measure of instantaneous efficiency of mixing (e.g. Caulfield and Peltier 2000).
a. Stirring versus mixing
Time variation of stirring, T , and mixing M, from three-dimensional simulations, for different Re 0 and P r is presented in figure 5 . Through the two-dimensional phases, the buoyancy fluxes act to first increase the stirring, and then generate oscillations in the stirring as the elliptical vortex of the billow oscillates (Guha et al. 2013) . At all Re 0 , the oscillations are more pronounced at higher P r, indicating a more concentrated core vorticity of the billow. The stirring generated during third and fourth phases is suppressed by the increase in P r. As seen in section 3, this is because turbulent buoyancy fluxes are weaker at higher P r, and therefore less unmixed fluid is entrained inside the turbulent region. Moreover, as P r increases a higher portion of T is exchanged back with the kinetic energy in the turbulence decay phase, without converting into mixing. This is because of the slow rate of mixing at high P r. Mixing occurs with a longer delay after stirring for higher P r. Therefore, the difference between stirring and mixing, the available potential energy, is higher for higher P r. For all Re 0 > 300 billows, a significant portion of mixing occurs in the turbulence decay phase, while the three-dimensional structure of the flow is collapsing.
b. Rate of mixing and dissipation of kinetic energy
Time variation of φ M and ε ′ through different stages, from two and three-dimensional simulations at Re 0 = 300, 400, and 600 for different P r, is shown in figure 6 . For Re 0 = 300, at P r = 1 and 9, mixing mainly occurs during the first and second phases of the life-cycle, with high rates of mixing. At P r = 16, and 25, however, mixing occurs at lower rates, and over the whole life-cycle of the billow. As P r increases, small-scale and three-dimensional motions are enhanced for this Reynolds number. Therefore, higher shear production of turbulent kinetic energy provides a means for higher extraction of energy from the background flow.
This enhances ε ′ and three-dimensional φ M at P r = 16, and 25. However, the mixing induced by three-dimensional motions is small compared to the total amount of mixing. This is because the enhanced three-dimensional motions are not sufficiently strong for the slow mixing process at high P r to generate high amounts of mixing.
At Re 0 = 400 the flow has sufficient energy to overcome viscous forces and impose strong three-dimensional motions, and therefore the rate of three-dimensional mixing and viscous dissipation of kinetic energy dramatically increases. At Re 0 = 600, φ M and ε ′ increase more, as the flow is still in the transitional regime. Similar to Re 0 = 300, the increase in P r at these two higher Reynolds numbers also prolongs the life-cycle of the billow, and delays the mixing of fluid entrained by the two-dimensional roll-up until third and fourth phases. However, mixing generated by the three-dimensional motions significantly diminishes as P r rises. As explained in section 3, the less diffuse density field at higher P r suppresses buoyancy fluxes and therefore the entrainment in three-dimensional phases. More importantly, while the billow lives long enough for the two-dimensionally rolled-up interface to completely mix, the duration of turbulence is not long enough for high P r turbulent mixing. Therefore, the three-dimensional structures collapse before the fluid across the enhanced interfacial area is fully mixed. This observation is in agreement with lower rate of turbulent mixing at higher Prandtl numbers observed in turbulent flows by Turner (1968) ; Merryfield et al.
(1998); Gargett et al. (2003) ; Jackson and Rehmann (2003) . In the end of the turbulence decay phase for all flows at Re 0 = 400, and 600, ε ′ /5 closely follows Φ M , indicating an instantaneous mixing efficiency of close to 0.2, the widely quoted value of turbulent mixing efficiency in the ocean (Smyth et al. 2001 (Smyth et al. , 2007 Inoue and Smyth 2009 ).
c. Overall amount of mixing
The P r dependence of the overall two, three-dimensional, and total mixing induced over the entire lifetime of KH billows for different Re 0 is presented in figure 7 . The twodimensional mixing accounts for a significant portion of the total mixing at each of these Reynolds numbers, indicating the significance of the primary vortex in mixing. At Re 0 = 100, the total amount of mixing does not depend on P r as viscous effects are dominant.
Just before the mixing transition, i.e. Re 0 = 300, the total amount of mixing increases with increasing P r, both due to higher entrainment in the two-dimensional roll-up process, and entrainment by three-dimensional motions. At Re 0 = 300, the total mixing mainly consists of two-dimensional mixing. For Re 0 = 400 and 600, while the two-dimensional amount of mixing slightly increases with P r, the three-dimensional and total amount of mixing decreases as P r increases. The two-dimensional mixing has a weak dependence on P r as the entrained fluid by the two-dimensional roll-up gets completely mixed inside the billow region.
However, as also pointed out by Staquet (2000) , P r has strong effects on the entrainment and mixing of three-dimensional phases of the life-cycle of billows. The three-dimensional mixing exhibits significant amounts for Re 0 > 300, above the mixing transition.
Buoyancy and shear Reynolds numbers
To quantify the effect of stratification and shearing on turbulence and mixing, it is useful to study buoyancy and shear Reynolds numbers, defined as (Smyth and Moum 2000) :
where N = (−g∆ρ/hρ 0 ) 1/2 is the buoyancy frequency, and S = ∆U/δ is the total shear, with h and δ being the time-varying density and shear layer thickness. Figure 8 shows that at maximum intensity of turbulence both Re b and Re s significantly increase as P r increases at Re 0 = 300. This indicates that the ratio of the smallest scale distorted by buoyancy and shear to viscous dissipation scales increases as the flow becomes more actively turbulent and δ, h and ε ′ grow. At Re 0 = 400 and 600, Re b and Re s decrease with P r, indicating that buoyancy and shear act over smaller scales as P r increases. The buoyancy Reynolds numbers in for Re 0 = 400 and 600 are greater than 20, the critical value for the start of active turbulence (Smyth and Moum 2000) , and smaller than 100-300, the critical range for the significance of double diffusion (Smyth et al. 2005; Jackson and Rehmann 2003) . Figure   8 also suggests that the range of maximum Re b and Re s in our simulations is the same as those in simulations of Smyth and Moum (2000) , where they considrered higher initial Reynolds numbers, but stronger stratification. The range of Re b in the measurements of Moum (1996) in the ocean thermocline was between O(10 2 ) and O(10 4 ). Therefore, some of our simulations represent the lower range of buoyancy Reynolds numbers in real oceanic processes.
Finally, we present the variation of the overall amount of mixing with maximum Re b in figure 9 . The buoyancy Reynolds numbers incorporates both effects of Re 0 and P r into one parameter. The amount of mixing increases with Re b , with a transition at the rate of increase for Re b > 10. This is the buoyancy Reynolds number above which our simulations exhibit active three-dimensional motions. The monotonic increase of the amount of mixing with Re b indicates that when turbulent motions are less distorted by buoyancy, more mixing is generated. While the increase in Re 0 inhibits buoyancy effects, the increase in P r inhibits or enhances buoyancy effects depending on whether the flow is within, or below the mixing transition.
Conclusions
Two and three-dimensional DNS were performed to examine the effect of P r on the evolution and overall amount of mixing in KH billows. The increase in P r has significant implications for the strength of turbulent three-dimensional motions, buoyancy fluxes, and mixing. These effects are through enhancing the density gradients and interfacial area at higher P r. The P r dependence of the final amount of mixing shows two distinct behaviours for Reynolds numbers below and within the mixing transition. For Re 0 = 300, below the mixing transition, three-dimensional motions and interfacial area are enhanced as P r rises, and as a result the mixing increases. For Re 0 > 300, however, the slower rate of diffusion dominated over the effect of enhanced interfacial area at higher P r, and the overall mixing decreases. The two-dimensional entrainment is not significantly dependent on P r. The twodimensional mixing adjusts its lifetime with the slower mixing at higher P r, and therefore the overall two-dimensional mixing is weakly dependent on P r. However, the three-dimensional mixing occurs over a limited time due to the dissipative nature of turbulence. Therefore, three-dimensional mixing is repressed by slower mixing at high P r. The effects of initial
Reynolds number, and Prandtl number on buoyant fluxes and mixing are well captured in the buoyancy Reynolds number, and an increasing trend of amount of mixing with increasing buoyancy Reynolds number is observed, with a transition at critical buoyancy Reynolds number of 10.
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